Abstract. In this article, we give an overview of the classification results in the theory of finite semifields 1 and elaborate on the approach using nonsingular tensors based on Liebler [52] .
1. Introduction and classification results of finite semifields 1.1. Definition, examples and first classification results. Finite semifields are a generalisation of finite fields (where associativity of multiplication is not assumed) and the study of finite semifields originated as a classical part of algebra in the work of L. E. Dickson and A. A. Albert at the start of the 20th century.
Remark 1.1. The name semifield was introduced by Knuth in his dissertation ( [41] ). In the literature before that, the algebraic structure, satisfying (S1)-(S4), was called a distributive quasifield, a division ring or a division algebra. Since the 1970's the use of the name semifields has become the standard.
Due to the Dickson-Wedderburn Theorem which says that each finite skew field is a field (see [36, Section 2] for some historical remarks), finite semifields are in some sense the algebraic structures closest to finite fields. It is therefore not surprising that Dickson took up the study of finite semifields shortly after the classification of finite fields at the end of the 19th century (announced by E. H. Moore on the International Congress for Mathematicians in Chicago in 1893). Remark 1.2. In the remainder of this paper we only consider finite semifields (unless stated otherwise) and finiteness will often be assumed implicitly. In the infinite case, the octonions (see e.g. [8] for a very interesting account on them) are an example of a proper semifield. They can be constructed in various ways, for example as a Cayley-Dickson algebra from the quaternions.
For future reference, we continue with a formal definition of a semifield. A finite semifield (S, +, •) is an algebra of finite dimension over a finite field F with at least two elements, and two binary operations + and •, satisfying the following axioms.
(S1) (S, +) is a group with identity element 0. (S2) x • (y + z) = x • y + x • z and (x + y) • z = x • z + y • z, for all x, y, z ∈ S. (S3) x • y = 0 implies x = 0 or y = 0.
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(S4) ∃1 ∈ S such that 1 • x = x • 1 = x, for all x ∈ S.
We call a semifield non-trivial or proper if it is not associative. One easily shows that the additive group of a finite semifield is elementary abelian. Rewriting the expression (a + b) • (c + d) in two ways using (S1) and (S2), we get a
Since any two elements x, y ∈ S can be written as a product x = a • d and y = b • c for some a, b, c, d ∈ S, the additive group is abelian. By way of contradiction one also shows that the additive order of each nonzero element is a prime number p, and the additive group is elementary abelian. The additive order of the elements of S is called the characteristic of S.
Relying on this property we will often denote a semifield by (S, •) instead of (S, +, •). Example 1.3. The first non-trivial examples of semifields (i.e. not fields) were constructed by Dickson in [23] , [24] and can be described as follows: a semifield (F where q is an odd prime power and α is a non-square in F q k . Note that S is commutative but not associative. The identity element is (1, 0).
These first examples were crucial in the light of the above mentioned Dickson-Wedderburn theorem. Also the first classification result (also valid in the infinite case) was readily proved by Dickson in [23] .
Theorem 1.4 ( [23]).
A two-dimensional (infinite or finite) semifield is a field.
Proof. Consider a basis {1, x} for S over the field K. Multiplication in S is defined by x•x = ax+b, a, b ∈ K. If x 2 −ax−b is not irreducible in K[x], then there exist x 1 , x 2 ∈ K such that (x − x 1 ) • (x − x 2 ) = 0, a contradiction. It follows that S = K(x).
An algebra satisfying all of the axioms of a semifield except (S4) is called a pre-semifield. By what is sometimes called Kaplansky's trick ( [39, page 957] ), a semifield with identity u • u is obtained from a pre-semifield by defining a new multiplication• as follows (2) (x • u)•(u • y) = x • y.
Example 1.5. An important example of pre-semifields are the so-called generalised twisted fields (or (Albert) twisted fields) constructed by A. A. Albert in [4] , where multiplication on F q n is defined by
This defines a proper pre-semifield if α = β, α = 1 and β = 1. In order to obtain a semifield with unit 1 • 1 = 1 − η, we define a new multiplication:
As one can imagine from this example, the formula for the multiplication of a semifield can be more complicated than for the pre-semifield, and therefore it is sometimes more convenient to work with pre-semifields instead of semifields. We will come back to this issue in Remark 1.6. An isotopism (or isotopy) between two (pre-)semifields (S, •) and (S , • ) is a triple (F, G, H) of nonsingular linear maps from S to S such that
for all x, y ∈ S. If such an isotopism exists, the (pre-)semifields S and S are called isotopic and the isotopism class of a (pre-)semifield S is denoted by [S] . If H is the identity, the isotopism is called principal. If F = G, then S and S are called strongly isotopic. About twenty years later, Menichetti generalised his result to the following.
Theorem 1.8 ([59]
). Let S be a semifield of prime dimension n over F q . Then there exists an integer ν(n) depending only on n, such that if q > ν(n) then S is isotopic to a generalised twisted field.
Apart from classification results for small orders, these are the only classification results of finite semifields without extra hypotheses on the nuclei (defined below). [10] , [15] . For isotopism relations between the recent constructions we refer to [56] , and to [64] for an approach to planar functions using character theory. For a discussion on the number of isotopism classes of semifields of given order, see [36] . The number of isotopism classes of cyclic semifields has been investigated in [38] , [22] and [49] . The existence of a primitive element for the multiplicative group of a semifield has been investigated in [67] and [26] . For more on the autotopism group of semifields and its solubility we refer to [30] , [51] , and for a more general account on the isotopism groups of ternary rings we refer to [6] . For more on the multiplication group of semifields we refer to [60] and for a study of the automorphisms of p-groups of semifield type, see [27] . The existence of subplanes of order q k in some semifield planes of order q n where k does not divide n, has been established in [67] and further investigated in [31] and [63] .
1.2. The nuclei of a semifield. The nuclei of a semifield arise in a similar way as the (commutative) center of non-commutative algebraic structures. However, while the commutative center is uniquely defined for a non-commutative structure, there are four different associative substructures to consider for non-associative structures. These are called the nucleus, the left nucleus, the middle nucleus, and the right nucleus and are defined as follows.
The subset
is called the left nucleus of S. Analogously, one defines the middle nucleus
and the right nucleus
The intersection of these three nuclei is called the nucleus or associative center N(S), while the intersection of the associative center and the commutative center C(S) (defined in the usual way) is called the center of S and denoted by Z(S). One easily verifies that all of these substructures are finite fields and S can be seen as a (left or right) vectorspace over these substructures. Indeed, apart from the usual representation of a semifield as a finite-dimensional algebra over its center, a semifield can also be viewed as a left vector space V l (S) over its left nucleus; as a left vector space V lm (S) and right vector space V rm (S) over its middle nucleus; as a right vector space V r (S) over its right nucleus; and as a left or right vector space over its nucleus (the latter is rarely considered). Left (resp. right) multiplication in S by an element x is denoted by L x (resp. R x ), i.e. y Lx = x • y (resp. y Rx = y•x). It follows that L x is an endomorphism of V r (S), while R x is an endomorphism of V l (S).
Remark 1.11. Although each pre-semifield is isotopic to a semifield, it is important to note that we have only defined the nuclei for semifields, and not for pre-semifields. This is because of the following. Suppose we define the nucleus for a pre-semifield in the same way as for a semifield S. Using the same notation as above we get the following. 
is a semifield, and e is the identity element of (S, •), then it is straigtforward to show that e belongs to all three of the nuclei N l (S), N m (S), and N r (S). Hence (i) implies (ii) and (iii).
(ii) ⇒ (i) Let a ∈ N m (S) = {0}. Then one easily verifies that N m (S) is a finite field. Suppose e m is the identity element of (N m (S), •). Then
Since every element z ∈ S can be written as z = a • x = y • a for some x, y ∈ S, this implies that e m is the identity element for (S, •).
Again one easily verifies that N l (S) is a finite field. Suppose e l is the identity element of (N l (S), •). Then
Since every element of S can be written as a • x for some x ∈ S, we have that e l • x = x, ∀x ∈ S. Similarly it follows that x • e r = x, ∀x ∈ S where e r is identity of (N r (S), •). But then e l = e l • e r = e r , which implies that e l is the identity element for (S, •). This shows that also (iii) implies (i).
In [20, page 237] , the nuclei are defined for pre-semifields. On page 238, the author states that all three of the nuclei N l (S), N m (S), and N r (S) are Galois fields, and that
, and N r (S) ∩ Z c (S), where Z c (S) is the commutative centre of S, are Galois fields of the same characteristic as S. The above shows that this is incorrect. We have an immediate corollary. Nevertheless, there is a way to define certain fields K l , K m and K r related to a presemifield S such that they are equal (as finite fields) to the nuclei of any semifield isotopic to S (see [56] ). The definition of these fields uses the endomorphisms of left and right multiplication as follows. As we mentioned before L x is an endomorphism of V r (S), while R y is an endomorphism of V l (S). But if we consider L x and R y as elements of End(S), and we denote the set of all L x by L and all R y by R, then define K l (resp. K r ) as the largest field in End(S) such that LK l ⊂ L (resp. RK r ⊂ R). The field K m is defined as the largest subfield of
These subfields of End(S) correspond to the nuclei of a semifield isotopic to S (and hence of all semifields isotopic to S). If the nuclei of a pre-semifield would be defined like this, then the above statement from [20] holds true.
Classification results.
Before we continue with classification results depending on the size of the nuclei, we mention some of the earlier purely algebraic characterisations of finite fields. Some of these characterisations use the notion of associator. As the
is a test for commutativity, the associator, defined as
is a test for associativity. Different types of identities involving the commutator and associator lead to various sorts of algebras studied in the literature. Of relevance in the theory of semifields is the following.
then S is called alternative. The term "alternative" is motivated by the fact that this property implies that the associator is alternating, i.e. changes sign whenever two of the arguments are interchanged. It also implies that each subalgebra generated by two elements is associative. This leads up to the Artin-Zorn Theorem (see [72] ).
Theorem 1.12. Every finite alternative semifield is a field.
Remark 1.13. The Artin-Zorn Theorem is the finite version of the Bruck-KleinfeldSkornyakov Theorem ( [14] , [68] ), which says that an alternative semifield is associative or a Cayley-Dickson algebra over its center.
Albert generalised the concept of alternative algebras to power-associative algebras, which satify the property [a i , a j , a k ] = 0, for all a ∈ S, i, j, k ∈ N. This property implies that each subalgebra generated by one element is associative. In [2] Albert gives the following nice characterisation of finite fields. Theorem 1.14. Every finite power-associative semifield of characteristic p = 2 whose center has more than five elements is a finite field.
All the other classification results for semifields of given order involve conditions on one or more of their nuclei. In fact, all of them deal with rank two semifields (two-dimensional over one of their nuclei).
The first result in this direction is the following theorem that can be found in [29] (case (a)) and in [42, Theorem 7.4 .1]. Theorem 1.15. Let S be a semifield which is not a field and which is a 2-dimensional vector space over a finite field F. Then Another strong result was obtained by Cohen and Ganley in 1982 [17] , concerning commutative semifields that are two-dimensional over their middle nucleus. We say that a semifield S is a rank two commutative semifield (RTCS), if S is commutative and of dimension at most two over its middle nucleus.
Rewriting the example (1) from Dickson, we have the following construction of an RTCS. Let σ be an automorphism of F q , q odd, and define the following multiplication on
where m is a non-square in F q . Cohen and Ganley made significant progress in the investigation of RTCS. They put Dickson's construction in the following more general setting. Let S be an RTCS of order q 2 with middle nucleus F q , and let α ∈ S \ F q be such that {1, α} is a basis for S. Addition in S is component-wise and multiplication is defined as
where f and g are additive functions from F q to F q , such that xα 2 = g(x)α + f (x). We denote this semifield by S(f, g). Verifying that this multiplication has no zero divisors leads to the following theorem which comes from [17] . Theorem 1.16. Let S be a RTCS of order q 2 and characteristic p. Then there exist F plinear functions f and g such that S = S(f, g), with multiplication as in (4) and such that zw 2 + g(z)w − f (z) = 0 has no solutions for all w, z ∈ F q , and z = 0.
For q even, Cohen and Ganley obtained the following remarkable theorem proving the non-existence of proper RTCS in even characteristic.
Theorem 1.17 ([17]).
For q even the only RTCS of order q 2 is the finite field F q 2 .
If q is odd, then the quadratic zw 2 + g(z)w − f (z) = 0 in w will have no solutions in F q if and only if g(z)
2 + 4zf (z) is a non-square for all z ∈ F * q . In [17] , Cohen and Ganley prove that in odd characteristic, in addition to the example with multiplication (3) by Dickson, there is just one other infinite family of proper RTCS, namely of order 3 2r , with multiplication given by:
with η a non-square in F 3 r (r ≥ 2).
). Suppose that f and g are linear polynomials of degree less than q over F q , q odd, such that for infinitely many extensions F q e of F q , the functions f * : F q e → F q e : x → f (x), and
) is a semifield with multiplication given by (3) or (5), or S(f, g) is a field.
The only other example of an RTCS was constructed from a translation ovoid of Q(4, 3 5 ), first found by computer in 1999 by Penttila and Williams ( [61] ). The associated semifield has order 3 10 and multiplication
Summarising, the only known examples of RTCS which are not fields are of Dickson type (3), of Cohen-Ganley type (5), or of Penttila-Williams type (6). In combination with a computational result by Bloemen, Thas, and Van Maldeghem [11] , the above implies a complete classification of RTCS of order q 6 , with centre of order q.
Theorem 1.21 ([12]
). Let S be an RTCS of order q 6 with centre of order q, then either S is a field, or q is odd and S is of Dickson type.
More recently, using the geometric approach using the linear sets the following results for rank two semifields of order q 4 and q 6 have been obtained in [16] and [34] , respectively.
Theorem 1.22 ([16]).
A semifield S of order q 4 with left nucleus F q 2 and center F q is isotopic to one of the following semifields: Generalized Dickson/Knuth semifields (q odd), Hughes-Kleinfeld semifields, semifields lifted from Desarguesian planes or Generalized twisted fields.
Theorem 1.23 ([34])
. Each semifield S of order q 6 , with left nucleus of order q 3 and middle and right nuclei of order q 2 and center of order q is isotopic to a JMPT semifield, precisely S is isotopic to a semifield (F q 6 , +, •) with multiplication given by
with u a fixed element of F q 3 \ F q and b an element of F q 6 such that b q 3 +1 = u.
In [57] , [33] and [25] , semifields of order q 6 , with left nucleus of order q 3 and center of order q, are studied using the same geometric approach, giving the following result. Theorem 1.24 ([57] , [33] ). Let S be a semifield of order q 6 with left nucleus of order q 3 and center of order q. Then there are eight possible geometric configurations for the corresponding linear set L(S) in PG(3, q 3 ). The corresponding classes of semifields are partitioned into eight non-isotopic families.
Semifields and Finite Geometry
As mentioned before, the study of semifields originated around 1900, and the link with projective planes through the coordinatisation method inspired by Hilbert's Grundlagen der Geometrie (1999), and generalised by Hall [28] in 1943, was a further stimulation for the development of the theory of finite semifields. Most of what is contained in this section concerning projective planes and the connections with semifields can be found with more details in [20] , [30] . For a recent title on the theory of translation planes, see [32] . It is in the context of projective planes that the notion of isotopism is of the essence. The following diagram inspired by [30] illustrates how semifield planes are related to other types of translation planes. There are six types of planes (eight in the infinite case), and each type is labeled by its name and the associated algebraic structure (in italic). 2.1. The Knuth orbit. If S is an n-dimensional algebra over the field F, and {e 1 , . . . , e n } is an F-basis for S, then the multiplication can be written in terms of the multiplication of the e i , i.e., if x = x 1 e 1 + · · · + x n e n and y = y 1 e 1 + · · · + y n e n , with x i , y i ∈ F, then
x i y j (e i • e j ) = n i,j=1
a ijk e k for certain a ijk ∈ F, called the structure constants of S with respect to the basis {e 1 , . . . , e n }.
In [42] Knuth noted that the action, of the symmetric group S 3 , on the indices of the structure constants gives rise to another five semifields starting from one semifield S. This set of at most six semifields is called the S 3 -orbit of S, and consists of the semifields {S, S (12) , S (13) , S (23) , S (123) , S (132) }.
Knuth proved that the action of S 3 , defined above, on the indices of the structure constants of a semifield S is well-defined with respect to the isotopism classes of S, and by the Knuth orbit of S (notation K(S)), we mean the set of isotopism classes corresponding to the S 3 -orbit of S, i.e.,
The semifield corresponding to the dual plane π(S) d of a semifield plane π(S) is the plane π(S opp ), where S opp is the opposite algebra of S obtained by reversing the multiplication •, or in other words, the semifield corresponding to the dual plane is S (12) , which we also denote by S d , i.e.,
Similarly, it is easy to see that the semifield S (23) can be obtained by transposing the matrices corresponding to the transformations L e i , e i ∈ S, with respect to some basis {e 1 , e 2 , . . . , e n } of V r (S), and for this reason S (23) is also denoted by S t , called the transpose of S . With this notation, the Knuth orbit becomes
Taking the transpose of a semifield can also be interpreted geometrically as dualising the semifield spread (Maduram [55] ). The resulting action on the set of nuclei of the isotopism class S is as follows. The permutation (12) fixes the middle nucleus and interchanges the left and right nuclei; the permutation (23) fixes the left nucleus and interchanges the middle and right nuclei. Summarising, the action of the dual and transpose generate a series of at most six isotopism classes of semifields, with nuclei according to Figure 2 .
[S] 
Semifields: a geometric approach
In this section, we explain a geometric approach to finite semifields, which has been very fruitful in recent years. More details of this approach and the links with finite geometry can be found in [48] . This approach naturally breaks up the study of semifields into different parts. First we give a sketch of the general setting, where no assumptions on the nuclei or other properties of the semifield are made. Then we focus on three different cases. We end this section with the BEL-construction.
In what follows PG(k, q) will denote the k-dimensional projective space over the finite field F q with q elements. An n-spread of a projective space is a partition of the points of the space by subspaces of projective dimension n. From the theory developed by André [5] , Bruck and Bose [13] it follows that the study of translation planes is equivalent to the study of (n − 1)-spreads of PG(2n − 1, q). The spreads that correspond to semifield planes in this way, are called semifield spreads. A spread of PG(2n − 1, q) is called symplectic if there exists a nondegenerate alternating bilinear form (·, ·) : F n q ⊕ F n q → F q such that (U, U ) = 0 for each spread element PG(U ). If a semifield spread is symplectic, then the associated semifield is called symplectic too.
In general, one can construct a design from an arbitrary spread; if the design is isomorphic to a Desarguesian projective space (i.e. a Desarguesian projective plane or a projective space of dimension at least 3), then the spread is called a Desarguesian spread.
A set L of points in PG(r − 1, q 0 ) is called a linear set if there exists a subspace U in PG(rt − 1, q), for some t ≥ 1, q t = q 0 , such that L is the set of points corresponding to the elements of a Desarguesian (t − 1)-spread of PG(rt − 1, q) intersecting U . (We denote this by L = B(U ).) If we want to specify the field F q over which L is linear, we call L an F q -linear set. If U has dimension d in PG(rt − 1, q), then the linear set B(U ) is called a linear set of rank d + 1.
The same notation and terminology is used when U is a subspace of the vector space V (rt, q) instead of a projective subspace. For an overview of the use of linear sets in various other areas of Finite Geometry, we refer to [43] , [50] , and [62] .
Let S be an n-dimensional semifield over F q , and as before denote the dimensions of S over its nuclei by l, m and r. The spread corresponding to the semifield plane π(S) can also be constructed algebraically from the coordinatising semifield, see e.g. [30] . (In order to avoid unnecessary generality, we restrict ourselves to the case where π is a semifield plane, but the construction holds for each translation plane.) There are essentially two approaches one can take, by considering either the endomorphisms L x or R x . In the literature it is common to use the endomorphism R x . We define the following subspaces of S × S. For each x ∈ S, consider the set of vectors S x := {(y, y Rx ) : y ∈ S}, and put S ∞ := {(0, y) : y ∈ S}. It is an easy exercise to show that S := {S x : x ∈ S} ∪ {S ∞ } is a spread of S × S. The set of endomorphisms R := {R x : x ∈ S} ⊂ End(V l (S)) is called the semifield spread set corresponding to S. Note that by (S2) the spread set R is closed under addition and, by (S3), the non-zero elements of R are invertible.
This means that n-dimensional semifields over F q , can be investigated via the F q -vector space U ⊂ F ln q of dimension n induced by the F q -vector space R ⊂ End(V l (S)). Projectively this corresponds to the study of the F q -linear set L(S) := B(U ) of rank n in PG(l 2 − 1, q n/l ) = PG(V l (S)).
Since S has no zero divisors, each R x is nonsingular, and hence the linear set L(S) is disjoint from the (l − 2)nd secant variety of the Segre variety in PG(l 2 − 1, q n/l ).
Let S l,l (q n/l ) denote the Segre variety in PG(l 2 − 1, q n/l ), and denote its (l − 2)nd secant variety by Ω. Furthermore let G denote the stabiliser inside the collineation group PΓL(l 2 , q n/l ) of the two families of maximal subspaces on S l,l (q n/l ), and let X denote the set of linear sets of rank n disjoint from Ω.
3.1. The general case. If we don't make any further assumptions on the sizes of the nuclei, then we have the following theorem from [47] .
There is a one-to-one correspondence between the isotopism classes of semifields of order q n , l-dimensional over their left nucleus and the orbits of G on the set X.
This also holds if we replace the left nucleus by a subfield of the left nucleus. In particular if we consider the semifield over (a subfield of) its nucleus, then in the statement of the theorem the linear sets are replaced by the subspaces and we have the following from [46] . Theorem 3.2. Let G denote the stabiliser inside the collineation group PΓL(n 2 , q) of the two families of maximal subspaces on S n,n (q), and let Ω denote the (n − 2)nd secant variety of S n,n (q). There is a one-to-one correspondence between the isotopism classes of n-dimensional semifields over F q and the orbits of the group G on the set of (n − 1)-dimensional subspaces disjoint from Ω.
Rank two semifields.
In this case we assume that the left nucleus has size the square root of the size of the semifield, i.e. l = 2. Then L(S) becomes an F q -linear set in PG(3, q n/2 ) of rank n disjoint from a hyperbolic quadric, and the study of the isotopism classes corresponds to the study of these linear sets with respect to the collineation group fixing the reguli of the hyperbolic quadric (see [16] ).
Rank two semifields have been studied extensively (see for instance the classification results mentioned above). One of the features of rank two semifields is that they allow an extension of the Knuth orbit. Using the polarity associated to the hyperbolic quadric, one obtains the so-called translation dual ( [53] ) S ⊥ of S, and this generates a set of possibly twelve isotopism classes K(S) ∪ K(S ⊥ ). We refer to [48, Section 3] for further details and references.
3.3. Symplectic or commutative semifields. In this case we assume that the isotopism class of S contains a semifield that is commutative. If S is commutative, then the structure constants satisfy the property a ijk = a jik . By definition, the structure constants of S dt are b ijk = a ikj , and hence the matrix (a ikj ) ik of right multiplication by e j in S dt is symmetric. Choosing the right bilinear form it follows that the spread is symplectic leading to the following correspondence (see [35] ). This implies that in the study of the Knuth orbit, commutative semifields and symplectic semifields play an equivalent role. However, note that being symplectic is well defined up to isotopism, while commutativity is not.
The following theorem from [54] gives a very nice geometric characterization of symplectic semifields.
Theorem 3.4. A pre-semifield S is symplectic if and only if L(S) is contained in an (
In odd characteristic, commutative semifields are of special interest in differential cryptanalysis, due to there connections to perfect nonlinear functions (PN). In even characteristic they are connected with Z 4 -linear codes and extremal line sets in Euclidean spaces. See [48, Section 4] for further references.
Now, if S is a symplectic semifield which is three-dimensional over its left nucleus (l = 3) then the linear set is contained in a 5-dimensional space intersecting S 3,3 (q n/3 ) in a Veronesean surface. Also in this case the Knuth orbit can be extended; this time using the polarity of PG(5, q n/3 ) that sends tangents planes to conic planes of V 3 , see [54] . The new semifield is called the symplectic dual. In the same paper, the authors establish the interesting fact that the symplectic dual of a field gives a twisted field ([54, Theorem 4]).
Rank Two Commutative Semifields (RTCS).
The combination of the previous two cases give us the type of semifields that play an important role in finite geometry. It follows from the above that in this case L(S) is contained in a plane intersecting Q + (3, q n/2 ) in a conic. A complete classification or new examples would be very interesting from many points of view. We refer to [48, Section 5] for further details.
3.5. The BEL-construction. In this section we concentrate on a geometric construction of finite semifield spreads. The construction we give here is taken from [47] , but the main idea is the slightly less general construction given in [9] (where L is a subspace, i.e. t = 1). We will refer to this construction as the BEL-construction.
We define a BEL-configuration as a triple (D, U, W ), where
such that L = B(U ) is an F s -linear set of Σ 1 of rank nt; and W is a subspace of Σ 1 of dimension rn − n − 1, such that no element of D intersects both L and W . From a BEL-configuration one can construct a semifield spread as follows.
• Embed Σ 1 in Λ 1 ∼ = PG(rn + n − 1, s t ) and extend D to a Desarguesian spread D 1 of Λ 1 .
• Let L = B(U ), U ⊂ U be an F s -linear set of Λ 1 of rank nt + 1 which intersects Σ 1 in L.
• Let S(D, U, W ) be the set of subspaces defined by L in the quotient geometry The pre-semifield corresponding to S(D, U, W ) is denoted by S(D, U, W ). Using this BEL-construction it is not difficult to prove the following characterisation of the linear sets corresponding to a finite field.
Theorem 3.6 ( [46] ). The linear set L(S) of PG(n 2 − 1, q) disjoint from Ω(S n,n ) corresponds to a pre-semifield isotopic to a field if and only if there exists a Desarguesian (n − 1)-spread of PG(n 2 − 1, q) containing L(S) and a system of maximal subspaces of S n,n .
If r = 2 and t = 1, then we can use the symmetry in the definition of a BEL-configuration to construct two semifields, namely S(D, U, W ) and S(D, W, U ), and in this way we can extend the Knuth orbit by considering the operation (called switching)
It is known that the switching process is a nontrivial extension of the Knuth orbit (see [44, Remark 3 .1], [37, Section 5]), but -except in the case where the semifield is a rank two semifield (see Section 3.2), in which case κ becomes the translation dual (see [53] ) -it is not known whether κ is well defined on the set of isotopism classes.
A tensor product approach to finite semifields
This coordinate free approach to semifields is based on Liebler [52] relying on results obtained by Cronheim [19] . Here we give a proof of the correspondence between semifields and nonsingular tensors without relying on [19] , and elaborate on this approach. We end this section with a geometric condition for nonsingularity.
Contractions and nonsingular tensors.
Consider the tensor product i∈I V i (I = {1, . . . , r}), with dimV i = n i . The elements u ∈ i∈I V i that can be written as
for some v 1 ∈ V 1 , . . . , v r ∈ V r , are called the fundamental tensors or pure tensors. The set of fundamental tensors generates the whole vector space i∈I V i . If u = v 1 ⊗ . . . ⊗ v r is a fundamental tensor in i∈I V i , and v
Since the fundamental tensors span i∈I V i , this definition naturally extends to a definition of v
. Also, we say that a nonzero vector of V i is nonsingular, and by induction that a tensor v ∈ i∈I V i is nonsingular if for every i ∈ I and v
Note that this definition is in agreement with the definition of nonsingular hypercubes given in [42] .
Before we continue with our study of the nonsingular tensor attached to a semifield, we make a few more general observations. Let T be a nonsingular tensor in 1≤i≤r V i . Define
i.e., E i is the subspace spanned by the contractions of T by the elements of V ∨ i . Lemma 4.1. Each E i has dimension n i and every non-zero element of E i is a nonsingular tensor.
Proof. Clearly, each E i has dimension at most n i . Suppose E i has dimension less than n i . Then there exists a non-trivial linear combination of linearly independent elements e ∨ i1 , . . . , e
(T ) = 0, with a 1 , . . . , a n ∈ F not all zero. But this implies that the contraction w ∨ (T ) = 0, with
i . This means that T is singular, a contradiction. Next choose any 0 = u ∈ E i . By definition u is a linear combination of contractions of T by elements of V ∨ i , and hence u is a contraction itself. Since T is nonsingular, u must be nonsingular too.
This means that every nonsingular tensor gives a subspace of nonsingular tensors in the tensor product with one of the factors left out. The dimension of this subspace equals the dimension of the factor that is left out.
Nonsingular tensors and semifields.
Consider an n-dimensional presemifield S over its center F = F q , and multiplication x • y. We denote by
the element of V ∨ ⊗V ∨ ⊗V (with V = F n , and V ∨ the dual space of V ) defined as follows. Let h S ∈ Hom F (V ⊗ V, V ) denote the homomorphism defined by • : V × V → V and the universal property of the tensor product. In other words h S is defined by the following diagram. Figure 3 . The homomorphism h S defined by S Also, consider the isomorphism
We define T S as the pre-image of h S under ϕ, i.e. T ϕ S = h S . For future reference we remark that the inverse image of h ∈ Hom F (V ⊗ V, V ) under ϕ −1 is given by
where {e l } is a basis for V and {e ∨ l } is the dual basis for V ∨ . For our convenience, we denote V 1 = V 2 = V ∨ and V 3 = V . Note that T ϕ = h implies that for any v 
. (17) We also define the functional isomorphisms
We have the following correspondence between nonsingular tensors and pre-semifields.
(ii) To every nonsingular tensor T ∈ V 1 ⊗ V 2 ⊗ V 3 there corresponds a presemifield S for which T = T S . If (i, j) = (2, 1), then by using (17) we obtain h S (v
This implies that
is at most n − 1. Hence, there exist a 1 , a 2 , . . . , a n ∈ F, not all a i zero, for which a 1 h S (w 1 ⊗ e 1 ) + a 2 h S (w 1 ⊗ e 2 ) + . . . + a n h S (w 1 ⊗ e n ) = 0.
Using the linearity of h S this implies that h S (w 1 ⊗ (a 1 e 1 + a 2 e 2 + . . . + a n e n )) = 0, with a 1 e 1 + a 2 e 2 + . . . + a n e n = 0.
Summarizing, we have shown that if T S is singular, then there exist nonzero u⊗v ∈ V ⊗V , for which h S (u ⊗ v) = 0, and hence u • v = 0. This contradicts the property that a presemifield has no zero divisors.
(ii) Define a multiplication
and consider the algebraic structure S = V, +, •. Clearly (S, +) is elementary abelian, and since T ϕ ∈ Hom F (V ⊗ V, V ), both distributive laws are satisfied in S. We verify that S has no zero divisors. To that extend suppose x • y = 0, with
by (17) . This implies that the contraction x(y(T )) = 0 ∈ V 3 , and hence that T is singular, a contradiction.
4.3. The isotopism classes. Denote by G the group GL(V 1 ) × GL(V 2 ) × GL(V 3 ) with its natural action on V 1 ⊗ V 2 ⊗ V 3 defined by its action on the fundamental tensors:
Then we have the following theorem. 
Proof. Suppose that an isotopism between S 1 and S 2 is given by
where F , G, and H are nonsingular linear transformations from S 1 to S 2 . We claim that
where F ∨ ∈ GL(V 1 ) denotes the action induced on V 1 = V ∨ by F ∈ GL(V ), defined as follows: ∀w ∨ ∈ V ∨ we define
Note that this implies that {(e
F ∨ } is the dual basis of {e
}, and similar for G. To prove the claim, consider the images of the elements of the basis {e
Since ϕ is an isomorphism, and
, the claim is proved.
, where {e i } is a basis for V . This implies that we have an isotopism between S 1 and S 2 given by
Remark 4.4. From the proof we extract the following correspondence:
This theorem gives a one-to-one correspondence between the set of isotopism classes of n-dimensional semifields over F q and the G-orbits of nonsingular tensors in
Moreover we have the following.
Theorem 4.5. The autotopism group of a semifield S is isomorphic to the stabiliser of T S in G.
Proof. Immediately from (22).
4.4. Non-singular tensors and Segre varieties. In this section we explain the connections between a nonsingular tensor T S associated to a semifield S and Segre varieties. We start with some general definitions and observations. A Segre variety is usually defined as the image of the Segre embedding; an injective map from the product of projective spaces PG(V 1 ) × PG(V 2 ) × . . . × PG(V r ) into the projective space PG( i∈I V i ). The image is an algebraic variety consisting of the points that correspond to the fundamental tensors in i∈I V i . We denote this variety by S n 1 ,...,nr , where n i = dimV i , i = 1, . . . , r. The subspaces of maximal dimension that are contained in S n 1 ,...,nr are called the maximal subspaces of S n 1 ,...,nr , and they are partitioned into r families M 1 , . . . , M r of maximal subspaces. Each element of the family M i has dimension n i and each point (v 1 ⊗ . . . ⊗ v r ) that lies on the variety S n 1 ,...,nr is contained in exactly one member
. . , r) of each of these families.
Let us denote the point of PG(V 1 ⊗V 2 ⊗V 3 ) defined by a nonsingular tensor T S ∈ V 1 ⊗V 2 ⊗V 3 associated to a semifield S by P S , i.e.
Proof. If P S 1 = P S 2 , then there exists an a ∈ F, a = 0, such that T S 1 = aT S 2 . By Remark 4.4, the triple (id, id, x → a −1 x) defines an isotopism between S 1 and S 2 .
If we denote by H the subgroup of PGL(
then we obtain the following.
Theorem 4.7. Two semifields S 1 and S 2 are isotopic if and only if P
Proof. Suppose S 1 and S 2 are isotopic. By Theorem 4.3 this is equivalent to T
. By the definition of H the latter is equivalent to P
The group H is the subgroup of the setwise stabiliser in PGL(V 1 ⊗ V 2 ⊗ V 3 ) of the points on the Segre variety S n,n,n (q), which leaves invariant the families of maximal subspaces of S n,n,n (q).
Definition 4.8. We define the projective autotopism group of a semifield S as the stabiliser of P S in H.
4.5.
The tensor rank of a semifield. Since the group G preserves the rank of a tensor, it is natural to introduce the following definition.
Definition 4.9. We define the tensor rank of a semifield S as the rank of the corresponding tensor T S , and denote the tensor rank of S by Trk(S).
From the above we immediately obtain an invariant. Proof. If S 1 and S 2 are isotopic, with an isotopism given by (F, G, H), then from (22) it follows that (F ∨ , G ∨ , H −1 ) maps T S 1 to T S 2 . If
Since F , G, and H are nonsingular, it follows that the rank of T S 1 and T S 2 are the same. This implies that Trk(S 1 ) = Trk(S 2 ).
4.6. The Knuth orbit. The Knuth orbit of a semifield S is the set of isotopism classes obtained from the semifield S by permuting the indices of the structure constants with respect to a basis for S. Geometrically the Knuth orbit is obtained by considering the dual semifield plane, the dual semifield spread, etc. However, the only Knuth derivative of a semifield S that is visible in the geometric approach using linear sets as explained in Section 3, is the linear set L corresponding to a pre-semifield isotopic to the transpose semifield S t . Namely, the linear set L is obtained from L(S) by applying a collineation τ of the projective space PG(l 2 − 1, q n/l ) such that τ stabilizes the set of points on the Segre variety S l,l (q n/l ), but interchanges the two families of maximal subspaces of S l,l (q n/l ).
In this approach using nonsingular tensors the Knuth orbit of a semifield S can be seen as an orbit under a subgroup of PΓL(n 3 , q), isomorphic to Sym(3), of the H-orbit P H S .
of the basis corresponds to the orbit of T S under the subgroup id × id × GL(V ) of G (or id × GL(V ) × id or GL(V ) × id × id, depending on the choices made) . From this nonsingular tensor one can then obtain the six subspaces PG(U ij ), one of which being PG(U ).
We conclude with the following geometric condition for nonsingularity.
Theorem 4.14. Let P = T be a point in S n,n,n (q) = PG(V 1 ⊗ V 2 ⊗ V 3 ). Then T ∈ i∈I V i is singular, if and only if P is contained in a subspace x 1 , . . . , x j , S k 1 ,k 2 ,k 3 spanned by j < n points x i on the variety S n,n,n and a Segre variety S k 1 ,k 2 ,k 3 properly contained in S n,n,n (i.e. at least one k j < n).
Proof. If T is singular then there exists a contraction v In turn this implies the existence of n − 1 points x i on S n,n,n such that
If we denote the Segre variety induced by S n,n,n in PG(U 1 ⊗ V 2 ⊗ V 3 ) by S n−1,n,n , then it follows that P ∈ x 1 , . . . , x n−1 , S n−1,n,n .
Conversely, suppose P ∈ x 1 , . . . , x j , S k 1 ,k 2 ,k 3 spanned by j < n points x i on the variety S n,n,n and a Segre variety S k 1 ,k 2 ,k 3 properly contained in S n,n,n . W.l.o.g. assume k 1 ≤ n−1. Consider a hyperplane U 1 in V 1 , such that PG(U 1 ⊗ V 2 ⊗ V 3 ) contains S k 1 ,k 2 ,k 3 . Put t ≤ j equal to the minimal number of points x i 1 , . . . , x it ∈ {x 1 , . . . , x j } such that x i 1 , . . . , x it , PG(U 1 ⊗ V 2 ⊗ V 3 ) = x 1 , . . . , x j , PG(U 1 ⊗ V 2 ⊗ V 3 ) . It follows that the point v ∨ 1 (T ) is contained in the (t − 1)th secant variety of the Segre variety (of type n, n) induced by S n,n,n in PG(V 1 ⊗ V 2 ⊗ V 3 /U 1 ⊗ V 2 ⊗ V 3 ). This implies that T is singular.
